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We show that nonclassicality of phase-space quasi-probability distributions is tied to violations
of principles of physical reality in device-dependent scenarios. In this context, the nonclassicality
problem has its dual form expressed as a device-dependent analog of Bell inequalities. This approach
is applicable even to systems with only one spatial party. The derived inequalities are employed for
testing nonclassicality with emblematic optical measurements: photocounting including the case of
realistic photon-number resolution; unbalanced, balanced, and eight-port homodyne detection.
I. INTRODUCTION
Statistical properties of quantum systems are in a
drastic disagreement with our classical understanding of
physical reality. This issue was first realized by Einstein,
Podolsky, and Rosen [1] and later formalized by Bell [2].
Specifically, Einstein-Podolsky-Rosen-Bell’s principles of
physical reality (EPRB-realism), see Fig. 1, assume that
any physical state can be characterized by a probabil-
ity distribution ρ(ω) ≥ 0 of some parameters ω. In-
dependently on the values of ω, an observer chooses a
measurement-device setting a. Measurement outcomes,
A, are described by a response function Π(A|a;ω) ≥ 0 in-
terpreted as the probability distribution to get the value
A given a and ω. Thus, the probability distribution
P (A|a) to get the value A given the experimental setting
a is computed by averaging Π(A|a;ω) over the parameter
space Ω,
P (A|a) =
∫
Ω
dωΠ (A|a;ω) ρ (ω) . (1)
The device settings a and the measurement outcomes A
are elements of some sets O and I, respectively.
System
Device
Observer
FIG. 1. The idea of EPRB-realism is depicted. See the main
text for details.
In the considered scenario there always exist non-
negative ρ (ω) and Π(A|a;ω) for any non-negative
P (A|a). However, this is not the case for two (and more)
spatially-separated parties with measurement outcomes
A and B given the settings a and b [2, 3]. Search for non-
negative functions in the right-hand side of the equation
P (A,B|a, b) =
∫
Ω
dωΠA (A|a;ω) ΠB (B|b;ω) ρ (ω) (2)
can be recast [4–6] as the primal form of a linear-
programming problem [3, 7]. The dual form of this prob-
lem, expressed as a set of inequalities for P (A,B|a, b), is
known as Bell inequalities. Violation of any one of them
implies the inexistence of non-negative solutions of the
primal form of this problem, i.e. the probability distri-
butions P (A,B|a, b) violate local realism exhibiting the
presence of nonclassical phenomena.
The phase-space approach offers an alternative view
on the problem of nonclassicality. In quantum optics,
for instance, the notion of nonclassicality is based on the
decomposition of the density operator, ρˆ, on the coherent
states, |α〉,
ρˆ =
∫
C
d2 αP (α) |α〉 〈α| , (3)
where P (α) is the Glauber-Sudarshan P function [8, 9].
If P (α) ≥ 0, then the quantum state is a classical sta-
tistical mixture of coherent states; otherwise, the state is
nonclassical [10–17]. From this point of view, such phe-
nomena as quadrature [18–22] and photon-number [23]
squeezing are nonclassical. Tests for nonclassicality re-
quire involved methods (see, e.g., Refs. [24–28]) since P
functions are typically highly singular. It is also worth
noting that the P function is a particular representative
of a general family of the Cahill-Glauber s-parameterized
quasi-probability distributions P (α; s) [29, 30] at s = 1.
Different relations between violations of local realism
and nonclassicality of phase-space functions have been
widely discussed in literature; see, e.g., [31–46]. In this
letter we emphasize, that Eq. (1) is reduced to the stan-
dard phase-space form of probability estimation provid-
ing the parameter space Ω coincides with the phase space.
Thus, phase-space formulation of Eq. (1) in its dual form
naturally leads to device-dependent analogs of Bell in-
equalities. These inequalities enable direct nonclassical-
ity tests inclusively when the standard analysis cannot
be easily performed.
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2II. BELL INEQUALITIES
Let us start recalling the relation between Bell in-
equalities and dual problems of linear programming. In
the framework of local realism, the probability distribu-
tions P(A,B|a, b), cf. Eq. (2), are marginals of a non-
negative probability distribution W({A}, {B}|{a}, {b}),
of the sets of values A and B given all possible respective
settings {a} and {b}, cf. Refs. [4–6],
P (A,B|a′, b′) =
∑
{A|a6=a′}
{B|b 6=b′}
W({A}, {B}|{a}, {b}). (4)
This probability distribution is normalized as∑
{A},{B}
W({A}, {B}|{a}, {b}) = 1. (5)
The vector form of Eq. (4) is
P =MW, (6)
where P and W are formed from all values of
P (A,B|a, b) and W({A}, {B}|{a}, {b}), respectively;
the entries of the incidence matrixM are 0 and 1. Search
for non-negative solutions, W, of Eq. (6) is the primal
form of a typical problem of linear programming [7].
Let us formulate the corresponding dual form of this
problem [3, 47]. Consider a vector f of the same di-
mension as the vector W. Since the components of
W are non-negative and summed to unity, we have
|fTW| ≤ ‖f‖∞ ≡ supi |fi|. Taking a scalar product of
both sides of Eq. (6) with an arbitrary vector λ and con-
sidering fT = λTM, we arrive at Bell inequalities,∣∣λTP∣∣ ≤ ∥∥λTM∥∥∞, (7)
which are in general not tight [3]. Violation of Eq. (7)
means breaking local realism for a given set of the prob-
ability distributions P.
III. REVISITING NONCLASSICALITY
PROBLEM
EPRB-realism deals with the probability distributions
P(A|a), which according to Born’s rule are determined
as P(A|a) = Tr
[
Πˆ (A|a) ρˆ
]
; here Πˆ (A|a) are elements
of the corresponding positive operator-valued measure
(POVM). In phase-space representation this rule for a
single continuous degree of freedom, e.g. for an optical
mode, reads as [29, 30]
P(A|a) =
∫
C
d2 αΠ (A|a;α;−s)P (α; s). (8)
Here P (α; s) = Tr
[
ρˆPˆ (α; s)
]
and Π (A|a;α; s) =
pi−1 Tr
[
Πˆ(A|a)Pˆ (α; s)
]
are the s-parameterized distribu-
tion and the s-parameterized POVM symbols, respec-
tively; Pˆ (α; s) = pi−2
∫
C d
2 βe(aˆ
†−α∗)β−(aˆ−α)β∗es|β|
2/2,
where aˆ and aˆ† are boson field operators.
Observe, that Eq. (8) is a recast of Eq. (1), where
the phase-space variables α play the role of the parame-
ters ω, i.e. Ω = C, and the POVM symbols are the re-
sponse functions, Π (A|a;ω) = Π (A|a;α;−s). We stress
that such a scenario is device dependent (DD) since it in-
cludes: (i) the information about the measurement device
through the POVM symbols; (ii) the assumption about
allocation of shot noise between the measurement device
and the quantum state, which is contained in the param-
eter s. For instance, for s = 1 and s = −1 shot noise is
considered as a property of the measurement device and
the quantum state, respectively.
The DD scenario plays an important role in quantum-
simulation experiments, e.g. boson sampling [48–51]. In
this case, at least one of P (α; s) or Π(A|a;α;−s) in mul-
tidimensional generalizations of Eq. (8) is not positive
semidefinite, indicating impossibility of classical simula-
tions [52]. Actually, Eq. (8) for an arbitrary number of
modes can always be transformed into the form of Eq.
(1) with only positive and, in general, unfactorable con-
stituents. However, such a procedure can be computa-
tionally hard for classical devices.
Therefore, EPRB-realism in the DD scenario can be
formulated as follows: For given probability distributions
P(A|a) and non-negative POVM symbols Π (A|a;α;−s),
the integral equation (8) should have non-negative solu-
tions, P (α; s). In the case of informationally-complete
measurements [53–57] the only solutions are the s-
parameterized quasi-probability distributions. Thus, vi-
olations of EPRB-realism in the DD scenario corresponds
to nonclassicality of phase-space quasi-probability distri-
butions. Noncalssicality of P functions, motivated also
by Eq. (3), is a special case. Indeed, the corresponding
POVM symbols, Π (A|a;α; s = −1) = 〈α|Πˆ (A|a) |α〉 ≡
ΠQ (A|a;α), are non-negative for all possible measure-
ments.
IV. DEVICE-DEPENDENT BELL
INEQUALITIES
Our treatment enables to formulate the dual problem
of nonclassicality in the same way as it is performed for
testing local realism. Specifically, we observe that Eq. (8)
is similar to Eq. (6), where P (α; s) and Π (A|a;α;−s)
correspond to W and M, respectively. Here summation
is replaced by integration with respect to α. This yields
DD Bell inequalities,∣∣∣∑
a∈O
E(λ|a)
∣∣∣≤ sup
α∈C
∣∣∣∑
a∈O
E(λ|a;α; s)
∣∣∣, (9)
3where
E(λ|a) =
∑
A∈I
λ(A, a)P (A|a) , (10)
E(λ|a;α; s) =
∑
A∈I
λ(A, a)Π (A|a;α;−s) , (11)
cf. Appendix A for details. Here the sums may turn to
integrals depending on the setsO and I. The expectation
values E(λ|a) can be estimated experimentally from M
measured values, Ai, as
E(λ|a) ≈ 1
M
M∑
i=1
λ(Ai, a). (12)
If there exists λ(A, a) that the inequality (9) is violated,
then the related s-parameterized distribution is nonclas-
sical. In contrast to standard Bell inequalities (7), DD
Bell inequalities (9) carry information about the prop-
erties of the measurement device encoded in the POVM
symbols Π (A|a;α;−s). These inequalities can be con-
sidered as a generalization of the result reported in Ref.
[27].
V. NONCLASSICAL STATISTICS OF
PHOTOCOUNTS
Photoelectrical detection of light is a basic measure-
ment in quantum optics. In this case, only the POVM
symbols ΠQ(n|α) = Π(n|α; s = −1) are non-negative.
Hence, only nonclassicality of the P function is relevant
to this scenario. In addition, the sums in Eq. (9) contain
only one term since the standard configuration of this
experiment does not assume any setting.
Here we consider ideal photon-number-resolving
(PNR) detectors characterized by the POVM symbols
[12, 58],
ΠQ(n|α) = |α|
2n
n!
exp(−|α|2), (13)
where A = n and I = N. In addition, we analyze realistic
photon-number resolution with click detectors, where the
beam is split into N spatial or temporal modes, each an-
alyzed by an on/off detector [59–66]. The corresponding
POVM symbols [67] are given by
ΠQ(n|α) =
(
N
n
)(
1− e−|α|2/N
)n
e−|α|
2(N−n)/N . (14)
Here I = {n ∈ N|0 ≤ n ≤ N} and A = n is the number
of triggered detectors.
Nonclassical statistics of photocounts are commonly
related to sub-Poissonian [12, 23] or sub-binomial [68, 69]
ones for ideal and click detectors, respectively. However,
such simple criteria do not always verify the presence of
nonclassicality. Typical examples are squeezed vacuum
states |r〉 = (cosh r)−1/2∑+∞n=0 (2nn )1/2 (tanh r/2)n |2n〉,
where r is the squeezing parameter, and even superposi-
tion of coherent states, |ψ〉 ∼ |α0〉+ |−α0〉. For the latter
case, nonclassical statistics can be tested with ideal PNR
detection using a particular form of inequalities (9), cf.
Ref. [27]. We show that an appropriate choice of λ(n)
enables to test nonclassicality in all considered situations.
Let us choose the test function λ in Eqs. (10) and
(11) as λ(n) = (−t)ne−gn2 . For the ideal PNR detec-
tion we take g = 0. In this case, DD Bell inequalities
(9) are reduced to [1 + (1 − t2) sinh2 r]−1/2 ≤ 1 [for
t < (1 + sinh−2 r)1/2] and cosh t|α0|2 ≤ cosh |α0|2 for
the squeezed vacuum state and for the even superposi-
tion of coherent states, respectively. These inequalities
are clearly violated for t > 1. For click detectors with
N = 10 at t = 2, g = 1/14, the inequalities (9) are vi-
olated, giving 1.19 ≤ 1 and 1.49 ≤ 1 for the squeezed
vacuum state, r = 1, and for the even superposition of
coherent states, α0 = 1, correspondingly. This demon-
strates that nonclassicality of photocounting statistics for
these cases can be verified with click detectors. For tech-
nical details related to this and further examples, we refer
to Appendices.
It directly follows from Eq. (9) that a single on/off de-
tector, N = 1, cannot be used for testing nonclassicality
of photocounting statistics. Really, the left-hand side of
Eq. (9), |λ(0)P(0) + λ(1)P(1)|, cannot exceed its right-
hand side, which is max{|λ(0)|, |λ(1)|}. A particular case
of this property was discussed in Ref. [68].
VI. UNBALANCED HOMODYNE DETECTION
Extension of the measurement scheme to unbalanced
homodyne detection enables nonclassicality test with a
single on/off detector. In this case, the signal mode in-
terferes with a local oscillator in a beam splitter with a
large transmittance. It results in a coherent displacement
γ ∈ O, cf. Refs. [70, 71], in the POVM symbols (14),
N = 1,
ΠQ(n|γ;α) =
(
1− e−|α−γ|2
)n
e−|α−γ|
2(1−n), (15)
where A = n ∈ I = {0, 1}. In the most general case of
O=C, this measurement is informationally complete, i.e.
the obtained information suffices for the reconstruction of
the P function. In practice, such a procedure is difficult
to accomplish due to singularity of P functions.
Let us apply our method to the single-photon Fock
state, |1〉. Choosing the discrete settings O = {γ1 =
−0.5, γ2 = 0, γ3 = 0.5} along with the test function
λ(0, γ1) = λ(0, γ3) = 1, λ(0, γ2) = −1.8, and λ(1, γk) =
0, we arrive at the violation of the inequality (9): 0.39 ≤
0.24. In other words, nonclassicality of the single-photon
state can be tested with three probabilities of no-click
events.
4VII. BALANCED HOMODYNE DETECTION
Nonclassicality of a given s-parameterized quasi-
probability distribution can also be analyzed with bal-
anced homodyne detection (BHD). In this case, the mea-
surement of quadratures x(ϕ) = 2−1/2(αe−iϕ + α∗eiϕ) ∈
I = R, cf. Refs. [13, 72–77], is described by the POVM
symbols
Π (x|ϕ;α;−s) = 1√
pis
exp
[
−
(
x−√2Reαe−iϕ)2
s
]
(16)
with s∈[0, 1]. For the continuous set of ϕ ∈ O = [0, pi],
this measurement is informationally complete, cf. Refs.
[78, 79]. However, nonclassicality can also be tested with
discrete sets of quadratures, for instance choosing the
phases as ϕk = pik/K for k = 0 . . .K − 1, K ∈ N.
For example, for a three-photon state |3〉, where the
corresponding quandarature distribution is phase invari-
ant, P(x) = (233!√pi)−1 H23(x)e−x
2
, we can pick the
phase-independent test function λ(x, ϕk) = P(x); here
Hn(x) are Hermite polynomials. In Fig. 2 we show
the relative violation, i.e. the normalized difference of
left- and right-hand sides of DD Bell inequality (9), as
a function of the parameter s. One can observe that
nonclassicality can be tested with a finite number of set-
tings ϕk without reconstructing quasi-probability distri-
butions. Such a test can be performed for a wide range
of s with only one quadrature, in agreement with results
of Ref. [80]. For chosen λ(x, ϕk), nonclassicality of the
Wigner function, s = 0, can be checked only for K ≥ 7.
For K = 1, 2 nonclassicality of the Wigner function is
impossible to test in principle, since realistic models for
these cases can be easily constructed.
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FIG. 2. Relative violation of DD Bell inequalities vs the pa-
rameter s is shown for the Fock state |3〉 in the scenario of
BHD. See the main text for details. Shaded area indicates
the negative values, where the inequality is not violated. The
inset sketches the scheme of BHD.
VIII. HETERODYNE AND EIGHT-PORT
HOMODYNE DETECTION
The measurement schemes of the complex field ampli-
tudes α0 ∈ I = C with eight-port homodyne detection
(EPHD) [81] or heterodyne detection [82] are described
by the POVM symbols
Π(α0|α;−s) = 2
pi(1 + s)
exp
(
− 2
1 + s
|α0 − α|2
)
. (17)
These measurements have several noteworthy features:
(i) they have only one setting and hence, the sums in Eq.
(9) include only one term; (ii) they are informationally
complete and P(α0) = Q(α0) = P (α0; s = −1) is the
Husimi-Kano Q function [83, 84]; (iii) the POVM sym-
bols (17) are non-negative for all s∈[−1, 1].
Let us choose the parameter λ(α0) in the form of s
′-
parameterized distribution, i.e. λ(α0) = P (α0; s
′). Then,
the inequality (9) reads as∣∣∣ ∫
C
d2 α0Q(α0)P (α0; s
′)
∣∣∣ ≤ sup
α∈C
∣∣P (α; s′ − s− 1)∣∣. (18)
The above inequality can be considered as a necessary
condition for positive semi-definiteness of P (α; s). The
results of application of Eq. (18) to the single-photon
number state, |1〉, are shown in Fig. 3, where we plot the
relative violation as a function of the parameter s. One
can observe that nonclassicality for positive and slightly
negative values of s can be verified in this scenario.
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FIG. 3. Relative violation of DD Bell inequalities vs the pa-
rameter s is shown for the Fock state |1〉 in the scenario of
EPHD. See the main text for details. Shaded area indicates
negative values, where the inequality is not violated. The
inset sketches the scheme of EPHD.
IX. CONCLUSIONS
To conclude, our results contribute to a deeper under-
standing of relations between different fundamental prop-
5erties of quantum systems. In particular, we consider
nonclassicality of phase-space quasi-probability distribu-
tions as a violation of EPRB-realism in device-dependent
scenarios. The device dependence is conveniently en-
coded in non-negative phase-space POVM symbols. The
ordering parameter s determines our assumption about
the nature of short noise.
In the framework of our approach we have derived
device-dependent analogs of Bell inequalities. They are
applied to nonclassicality tests with different measure-
ment procedures, including cases when other methods
fail. In the present letter we have considered only a
single optical mode with unit-efficiency detection. The
generalization of this technique to realistic efficiencies is
straightforward and can be directly applied in experi-
ments.
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Appendix A: Derivation of device-dependent Bell inequalities
We start reminding Eq. (8) of the main text,
P(A|a) =
∫
C
d2 αΠ (A|a;α;−s)P (α; s).
Multiplying the above equation by an arbitrary λ(A, a) and performing summation (integration) over A ∈ I and
a ∈ O, one gets
∑
a∈O
∑
A∈I
λ(A, a)P(A|a) =
∫
C
d2 α
[∑
a∈O
∑
A∈I
λ(A, a)Π (A|a;α;−s)
]
P (α; s). (A1)
If P (α; s) ≥ 0 and ∫C d2 αP (α; s) = 1, then ∀f(α)∣∣∣∣∫
C
d2 α f(α)P (α; s)
∣∣∣∣ ≤ sup
α∈C
|f(α)| .
Choosing f(α) =
∑
a∈O
∑
A∈I
λ(A, a)Π (A|a;α;−s) and making use of Eq. (A1), we obtain device-dependent (DD) Bell
inequalities, ∣∣∣∣∣∑
a∈O
∑
A∈I
λ(A, a)P(A|a)
∣∣∣∣∣ ≤ supα∈C
∣∣∣∣∣∑
a∈O
∑
A∈I
λ(A, a)Π (A|a;α;−s)
∣∣∣∣∣ . (A2)
These inequalities are presented in form of Eqs. (9)–(11) of the main text.
Appendix B: Nonclassicality of photocounting statistics
1. Ideal photon-number-resolving detectors
In the case of ideal photon-number-resolving (PNR) detectors, the measurement outcomes are A = n ∈ I = N and
O consists of a single element. The POVM symbols, ΠQ(n|α) = Π(n|α; s = −1), are given by Eq. (13) of the main
text,
ΠQ(n|α) = |α|
2n
n!
exp(−|α|2).
Let us choose λ(n) = (−t)n, t ≥ −1. The right-hand side of DD Bell inequalities, cf. Eq. (9) of the main text and
Eq. (A2), is given by
sup
α∈C
∣∣∣∣∣
+∞∑
n=0
λ(n)ΠQ(n|α)
∣∣∣∣∣ = supα∈C
∣∣∣∣∣
+∞∑
n=0
(−t)n |α|
2n
n!
exp(−|α|2)
∣∣∣∣∣ = supα∈C ∣∣exp [−|α|2(1 + t)]∣∣ = 1. (B1)
6Consider the squeezed vacuum state,
|r〉 = 1√
cosh r
+∞∑
n=0
(
2n
n
)1/2(
tanh r
2
)n
|2n〉 . (B2)
The photon-number distribution in this case is
P(2n) = 1
cosh r
(
2n
n
)(
tanh r
2
)2n
,
P(2n+ 1) = 0.
The left-hand side of DD Bell inequalities are reduced to the form∣∣∣∣∣
+∞∑
n=0
λ(n)P(n)
∣∣∣∣∣ =
∣∣∣∣∣
+∞∑
n=0
(−t)2n 1
cosh r
(
2n
n
)(
tanh r
2
)2n∣∣∣∣∣ = 1√
1 + (1− t2) sinh2 r
. (B3)
Substituting Eqs. (B1) and (B3) into DD Bell inequalities (A2) we get,
1√
1 + (1− t2) sinh2 r
≤ 1. (B4)
This inequality is violated for t > 1. For t ≥
√
1 + sinh−2 r the series in Eq. (B3) diverges, that can also be interpreted
as violation of DD Bell inequalities.
Consider the even superposition of coherent states,
|ψ〉 = 1√
2[1 + exp(−2|α0|2)]
(
|α0〉+ |−α0〉
)
. (B5)
The corresponding photon-number distribution is given by
P(2n) = 1
cosh |α0|2
|α0|4n
(2n)!
, (B6)
P(2n+ 1) = 0. (B7)
Hence, the left-hand side of DD Bell inequalities reads∣∣∣∣∣
+∞∑
n=0
λ(n)P(n)
∣∣∣∣∣ =
∣∣∣∣∣
+∞∑
n=0
(−t)2n 1
cosh |α0|2
|α0|4n
(2n)!
∣∣∣∣∣ = cosh t|α0|2cosh |α0|2 . (B8)
After substitution of Eqs. (B1) and (B8) into DD Bell inequalities (A2), the latter are reduced to the form
cosh t|α0|2
cosh |α0|2 ≤ 1. (B9)
This inequality is violated for t > 1.
2. Click detectors
The POVM symbols for arrays of N detectors are given by Eq. (14) of the main text,
ΠQ(n|α) =
(
N
n
)(
1− e−|α|2/N
)n
e−|α|
2(N−n)/N ,
where 0 ≤ n ≤ N . For practical purposes it is also useful to have an explicit form,
ΠC(n|β; s) =
(
N
n
) n∑
k=0
(
n
k
)
(−1)n−k N
pi(N − k) exp
[
−|β|2 N + k
N − k
]
exp
[
s
|β|2
2
]
, (B10)
7for its characteristic function
ΠC(n|β; s) = 1
pi2
∫
C
d2 αΠ(n|α; s) exp(α∗β − αβ∗). (B11)
In this representation Born’s rule for click statistics is given by
P(n) =
∫
C
d2 βΠC(n|β;−s)C(β; s), (B12)
where
C(β; s) =
∫
C
d2 αP (α; s) exp(α∗β − αβ∗) (B13)
is the characteristic function of the Cahill-Glauber distribution.
For the squeezed vacuum state (B2) the characteristic function for s = 0 is given by
C(β; s = 0) = exp
[
−1
4
(
β∗ β
)(cosh 2r sinh 2r
sinh 2r cosh 2r
)(
β
β∗
)]
. (B14)
Substituting Eqs. (B10) and (B14) into Eq. (B12), we get the probability distributions of clicks for the squeezed
vacuum state,
P(n) =
(
N
n
) n∑
k=0
(
n
k
)
(−1)n−k N√
N2 cosh2 r − k2 sinh2 r
. (B15)
For the even superposition of coherent states, cf. Eq. (B5), this distribution reads
P(n) =
(
N
n
) n∑
k=0
(
n
k
)
(−1)n−k cosh
k
N |α0|2
cosh |α0|2 . (B16)
We consider the case of N = 10 and choose λ(n) = (−t)ne−gn2 , t = 2, and g = 1/14. Evaluation of right- and
left-hand sides of DD Bell inequalities can be performed numerically. For this purpose we consider r = 1 and α0 = 1
for squeezed vacuum state (B2) and even superposition of coherent states (B5), respectively. The right-hand side of
DD Bell inequalities in this case can be evaluated from the plot, cf. Fig. 4,
sup
α∈C
∣∣∣E(λ|α; s = 1)∣∣∣ = sup
α∈C
∣∣∣ N∑
n=0
λ(n)ΠQ(n|α)
∣∣∣ = 1. (B17)
The numerically-evaluated left-hand side is 1.19 and 1.49 for squeezed vacuum state (B2) and even superposition of
coherent states (B5), correspondingly. Therefore, the inequalities are clearly violated.
3. Single on/off detector
In the case of a single on/off detector, i.e. for N = 1, verification of nonclassicality is impossible in principle. In
this case, the right-hand side of DD Bell inequalities is given by
sup
α∈C
∣∣∣ 1∑
n=0
λ(n)ΠQ(n|α)
∣∣∣ = sup
α∈C
∣∣∣λ(0) exp (−|α|2)+ λ(1) [1− exp (−|α|2)] ∣∣∣ = max{|λ(0)|, |λ(1)|}. (B18)
At the same time the right-hand side cannot exceed this value,
∣∣∣ 1∑
n=0
λ(n)P(n)
∣∣∣ = ∣∣λ(0)P(0) + λ(1)P(1)∣∣ ≤ ∣∣λ(0)∣∣P(0) + ∣∣λ(1)∣∣P(1) ≤ max{|λ(0)|, |λ(1)|}. (B19)
This concludes the proof.
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FIG. 4. Dependence of E(λ|α; s = 1) on |α| for click detectors with N = 10 and for λ(n) = (−t)ne−gn2 , t = 2, and g = 1/14.
The maximal value of |E(λ|α; s = 1)| is 1 for |α| = 0.
Appendix C: Unbalanced homodyne detection
The POVM symbols for unbalanced homodyne detection (UHD) with a single on/off detector, cf. Fig. 5 for the
corresponding scheme, are given by Eq. (15) of the main text,
ΠQ(n|γ;α) =
(
1− e−|α−γ|2
)n
e−|α−γ|
2(1−n),
where γ ∈ O is the displacement parameter, A = n ∈ I = {0, 1}. We choose the discrete set of settings O = {γ1 =
−0.5, γ2 = 0, γ3 = 0.5} and the test function as λ(0, γ1) = λ(0, γ3) = 1, λ(0, γ2) = −1.8, and λ(1, γk) = 0. This choice
is motivated by equivalence of absolute values for minimum and maximum of the expression
∑
γk∈O E(λ|γk;α; s = 1)
at the right-hand side of DD Bell inequalities, cf. Fig. 6. In this case the right-hand side of DD Bell inequalities is
given by,
sup
α∈C
∣∣∣ ∑
γk∈O
E(λ|γk;α; s = 1)
∣∣∣ ≈ 0.24. (C1)
S
LO
FIG. 5. The scheme of UHD is depicted. The signal beam is superposed with the local oscillator on a beam splitter with the
transmittance closed to 1 in order to perform a coherent displacement. The on/off detector analyzes presence or absence of
photons in the field mode displaced in the phase space.
We apply this technique to the single-photon Fock state |1〉. First, we note that the no-click POVM element for
UHD can be represented in the form
Πˆ(0|γk) = |γk〉 〈γk| . (C2)
Then the probability of no click event reads
P(0|γk) =
∣∣ 〈γk|1〉 ∣∣2 = |γk|2 exp (−|γk|2) . (C3)
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FIG. 6. Dependence of the expression
∑
γk∈O E(λ|γk;α; s = 1) at the right-hand side of DD Bell inequalities on |α|. Absolute
values for minimum and maximum are the same. See the text for further details.
This expression is used for evaluation of the left-hand side of DD Bell inequalities,
∣∣∣ ∑
γk∈O
E(λ|γk)
∣∣∣ = ∣∣∣ ∑
γk∈O
1∑
n=0
λ(n, γk)P(n|γk)
∣∣∣ ≈ 0.39. (C4)
Comparing it with the right-hand side given by Eq. (C1), we conclude that the inequality is violated.
Appendix D: Balanced homodyne detection
The POVM for balanced homodyne detection (BHD) is represented by the projectors on eigenstates of the quadra-
ture operator, Πˆ(x|ϕ) = |x(ϕ)〉 〈x(ϕ)|. The POVM symbols are given by Eq. (16) of the main text,
Π (x|ϕ;α;−s) = 1√
pis
exp
[
−
(
x−√2Reαe−iϕ)2
s
]
,
where s ∈ [0, 1]. The corresponding measurement outcomes A = x ∈ I = R take continuous values. As settings we
chose a discrete set, ϕk = pik/K for k = 0 . . .K − 1, where K ∈ N.
We choose λ(x|ϕk) in the form of the quadrature distribution of the Fock state, |n〉,
λ(x|ϕk) = P(x) = 1
2nn!
√
pi
H2n (x) exp
(−x2) , (D1)
where Hn(x) is the Hermite polynomial. This function does not depend on ϕk, which is motivated by its application
to phase-independent states. In this case,
E(λ|ϕk;α; s) =
∫
R
dxλ(x|ϕk)Π (x|ϕk;α;−s) (D2)
=
1
2nn!
√
pi(s+ 1)
n∑
l=0
2ll!
(
n
l
)2(
1
s+ 1
)n−l
H2(n−l)
(
x0(ϕk)√
s+ 1
)
exp
[
−x
2
0(ϕk)
s+ 1
]
,
where x0(ϕk) = 2
−1/2(αe−iϕk + α∗eiϕk). The right-hand side of DD Bell inequalities,
sup
α∈C
∣∣∣∣∣
K−1∑
k=0
E(λ|ϕk;α; s)
∣∣∣∣∣ , (D3)
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can be numerically estimated. Here the presence of multiple local maximums should be taken into account.
Let us consider the Fock states, |n〉. In this case, the left-hand side of DD Bell inequalities reads∣∣∣∣∣
K−1∑
k=0
∫
R
dxλ(x|ϕk)P(x)
∣∣∣∣∣ = K
∫
R
dxP2(x) (D4)
=
K(n!)2
22n
√
pi
2n∑
l=1−(−1)n
2l+1/2l!
(−1/2
l
) min[n,l− 1−(−1)n2 ]∑
m=max[ 1−(−1)
n
2 ,l−n]
A(n,m)A(n, l −m),
where
A(n,m) =
min[bn2 c,n−m]∑
i=max[0,dn2 e−m]
1
i!(n− i−m)!(n− 2i)!(2i+ 2m− n)! . (D5)
In the main text, we have analyzed the case of n = 3. The other Fock states can also be tested for nonclassicality
with this technique.
Appendix E: Eight-port homodyne detection and heterodyne detection
Eight-port homodyne detection and heterodyne detection are the procedures designed for measuring complex field-
amplitudes, A = α0 ∈ I = C. The corresponding POVM are the projectors on coherent states, Πˆ(α0) = pi−1 |α0〉 〈α0|.
The POVM symbols of these measurement procedures are given by Eq. (17) of the main text,
Π(α0|α;−s) = 2
pi(1 + s)
exp
(
− 2
1 + s
|α0 − α|2
)
,
where s ∈ [−1, 1].
In this case, right- and left-hand side of DD Bell inequalities are expressed in terms of
E(λ|α; s) =
∫
C
d2 α0λ(α0)Π(α0|α;−s) (E1)
and
E(λ) =
∫
C
d2 α0λ(α0)Q(α0), (E2)
respectively. Here Q(α0) = P(α0) = P (α0; s = −1) is the Husimi-Kano Q function. Let us choose λ(α0) = P (α0; s′).
Using the expression
P (α; s1) =
2
pi(s2 − s1)
∫
C
d2 γP (γ; s2) exp
(
− |α− γ|
2
2(s2 − s1)
)
, (E3)
one gets for Eq. (E1)
E(λ|α; s) = P (α; s′ − s− 1). (E4)
As an example, we consider the Fock state |1〉. The corresponding s-parameterized quasi-probability distribution
reads as
P (α; s) =
2
pi(1− s)2
(
4|α|2
1− s − 1− s
)
exp
(
−2|α|
2
1− s
)
. (E5)
This yields right- and left-hand sides of DD Bell inequalities,
sup
α∈C
|E(λ|α; s)| = 2
pi(2 + s− s′)
 max
[
2 exp
(
− 2+s′−s2
)
, |s′ − s|
]
for s < 2 + s′
|s′ − s| for s ≥ 2 + s′
(E6)
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and
|E(λ|α; s)| =
∣∣∣∣∫
C
d2 α0Q(α0)P (α0; s
′)
∣∣∣∣ = ∣∣∣∣16− 2(1 + s′)(3− s′)pi(3− s′)3
∣∣∣∣ , (E7)
respectively.
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